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UNIQUE CONTINUATION FOR A +v
AND THE C. FEFFERMAN-PHONG CLASS

SAGUN CHANILLO AND ERIC SAWYER

ABSTRACT. We show that the strong unique continuation property holds for the
inequality |Au| < |v||u|, where the potential v(x) satisfies the C. Fefferman-
Phong condition in a certain range of p values. We also deal with the situation
of u(x) vanishing at infinity. These are all consequences of appropriate Carle-
man inequalities.

1. INTRODUCTION

Our aim is to prove local and global unique continuation theorems for the
differential operator Q(D) = A+3]_a,0/8x,+7, a;,7 € C. We assume that
for xeQcR", n>3,

(1.1) |@(D)u(x)| < v(x)lu(x)|.

The problem is to find conditions on v(x) that guarantee that any u satisfy-
ing (1.1), and vanishing appropriately at a point, possibly infinity, must vanish
identically. In [JK, ST, and KRS], unique continuation is proved for v locally
in L"? or locally small in weak L™, and in addition it is shown that unique-
ness can fail for L”, p < n/2. In this paper we consider instead the class of
potentials studied by C. Fefferman and D. Phong [F]. We say v € Fp if

_ (1[0 o\
Ivl;, = sup 0] (IQI/Q'”'> <o,

We have F, C F, if p <gq and F,, = L"?. We will prove unique con-
tinuation for v that are locally small in F, with p > (n —1)/2. Note
that if v € weak L"? then v € F, for all p < n/2. On the other hand if
v(x) = f(x/IxDIx|"*, feL’(S""), (n—1)/2<p < n/2, then v need not
be in weak L"? ,but v e Fp. Thus our unique continuation results improve
on the corresponding results in [JK, ST, and KRS] by permitting potentials in
L’ , p > (n—1)/2, but subject to the growth condition of Fefferman and

loc >
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276 SAGUN CHANILLO AND ERIC SAWYER

Phong. We do not know if unique continuation holds for v that are locally
small in F, with 1 <p <(n-1)/2. We remark that for p =1, the condition
F, is weaker than the Kato condition,

1
limsupf %dyzo,
0=0xeQJ|x—yl<s [x — y|"
which B. Simon has conjectured is enough to guarantee unique continuation
(cf. [Sa]). Part (A) of the following theorem improves the results of [JK] and
[St,] while part (B) provides a global analogue. See also [K], where our proof
of part (A) appears. Let H2(R") (respectively HliC(R")) denote the Sobolev
spzace of functions whose derivatives up to order two are in LZ(R") (respectively
Lloc(Rn)) :

Theorem (1.2). Let u € Hl‘:')c(R"), n >3, satisfy |Au| < v|ul.
(A) If u vanishes to infinite order at some point a € R", i.e.,

lim R-m/ |u(x)|2 dx=0 forallm>0,
R—0 |x—al|<R

and if v is locally small in F, le,
—_ n
Ilzl_n:}) “X{x; '_\/—y|<R}v||Fp S 8(p s n) for all y € R >

for some p > (n—1)/2 and for a sufficiently small positive constant &(p,n)
depending only on p and n, then u vanishes identically in R" .
B)Ifue H2(R") vanishes to infinite order at infinity, i.e.,

lim R” lu(x)"dx =0 forallm>0,

R—o0 [x|>R

and if v satisfies

”X{x; |x|>R}v“Fp <éep,n),
Jor some R >0 and p > (n—1)/2 and for a sufficiently small positive constant
&(p,n) depending only on p and n, then u(x) vanishes identically for |x| > R.

Our next result is a variant of part (B) of Theorem (1.2) for the differential
inequality (1.1) in which u is permitted to merely vanish at infinity in a certain
direction, provided it decays very rapidly in the opposite direction. To conserve
notation we assume, without loss of generality, that Q(D) =A+a,0/0x, + 7,

a, real.

Theorem (1.3). Ler u € H*(R"), n > 3, satisfy |Q(D)u| < v|u| and suppose
that
lim |u(x)|2e_/""” dx =0 for all 1 sufficiently large.

R—oo JRe|x|<2R
If v € F, satisfies ||X{,\-;,\-"<,}U|lﬁ, < ¢(p,n) for some real t, where &(p,n)
is a sufficiently small positive constant depending only on p and n, then u(x)
vanishes identically for x, <.
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This theorem is a consequence of a weighted restriction theorem for the
Fourier transform, Corollary (2.8), which includes the well-known result of E.
Stein and P. Thomas (Corollary (2.9) below).

Finally we mention some further results for dimensions » = 2 and 3. For
v >0 on R", let |||v]|| denote the least constant C for which the following
inequality holds:

(/R" lf(X)Izv(x)a’x> 2 <cC (/R IVf|2>1/2 |

for all /€ C°(R"). Equivalently |||v]|| is the norm of the embedding I,:
R (v), where I denotes the fractional integral of order «,

/IX y* " f(y)dy, O<a<n.

The following theorem improves on all strong unique continuation results for
the inequality |Au| < v|u| known in dimensions 2 and 3, including Theorem
(1.2)(A) and the results of [JK, Sa, and St,]. Denote by B(y,R) the ball of
radius R and centre y.

Theorem (1.4). Suppose Q is a bounded, open and connected subset of R",
n=2or3 Let uc H|oc(Q) vanish to infinite order at some point in Q, and
suppose that |Au| < v|u| in Q, where v satisfies

llqi_%”lxﬂ(y,mvl” <e¢ forallyeQ,

for a sufficiently small positive constant ¢. Then u vanishes identically in Q.

In [KS], it is shown that

1 2—n
vl|||~ sup ———— X — v(x)v(y)dxd
ol = 50, sy [, bt v dxay

—h

(with |x — y|2 replaced by log|x — y| if » = 2) and it is now clear that
the Kato condition implies that of Theorem (1.4). In [F], it is shown that
vl <lllvlll < ¢ HU”F,, , p> 1. It is an open question whether Theorem (1.4)
remains valid for n > 4.

In dimension » = 2, we prove a unique continuation theorem involving a
gradient term.

Theorem (1.5). Suppose Q is a bounded, open, and connected subset of R’.
Let ue Hloc(Q) vanish to infinite order at some point in Q, and suppose that

|Au| < w|Vu| in Q, where w* is locally small in F, ), i.e.
p/2

2/p
lim sup |Q| 1 / w(x)’ dx <e(p)
R—0 cubes 1QI ON{x: |x—r|<R}
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forall y € Q, for some p > 1 and for a sufficiently small positive constant &(p)
depending only on p. Then u vanishes identically in Q.

The differential inequality |Au| < w|Vu| + v|u| is treated for n» > 3 in
[BKRS], where it is shown that uniqueness holds if w € L; . and v € L, _,
r=(3n-2)/2, s > n/2. By Theorem (1.5), strong uniqueness holds for
[Vul < w|Vu| if w e leoc, n = 2. It is an open question whether uniqueness
holds for |Au| < w|Vu| if w e Ll'gc , n > 3. The proofs of Theorems (1.2) and
(1.3) are in §3 and §2 respectively and the proofs of Theorems (1.4) and (1.5)
are in §4.

We wish to thank S. Baouendi and Carlos Kenig for helpful conversations
and for pointing out to us that some similar work has been done in [ChR].

We close this section by recording a pair of elementary inequalities that will

be used in the next two sections.
Lemma (1.6). Let [ bein H_ (R"), a>0 and A€ R. Then

1/2 1/2
/ IVf(x)) dx < C (/ |f(x)12dx> (/ |Af(x)]2dx>
(A) |x|<a |x|<2a [x|<2a
_2 zd
+Ca /MSZ“ Fl dx,
) . 1/2
[ IVf(x) e dx < C (/ |f(x)) e dx)
a<|x|<2a a/2<|x|<4a
1/2
(B) x (/ |Af(x)|2dx)
a/2<|x|<4a
+Ca? +,12)/ ()2 dx .
a/2<|x|<4a

The constant C is independent of [ ,a, and A.
Proof. (A) It suffices to consider the case a=1. Let 6 € Cf°(B(O,2)) satisfy

6 =1 on B(0,1). Then
/ 169 /1 <2 / V0P 42 / V) =2 / /VoP -2 / B1A6S).
Now use
0/A01)] < |6.116Af] + 211V 0|6V 1] + 01A0]| /T

< |6£116Af]+ 16\VO1*| £ + 116V £1” + 0]A6|| /1’
to get

(1.7) /|0Vf|2 <C [/(IV9|2+0|A0|)|f|2+ </|0f|2>1/2 </|0Af|2>1/2}

1 2
w5 [ 10907,

and then subtract the last summand from both sides.
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(B) Take a = | and let ¢ € CC°°(B(O,4)\B(O,%)) satisfy ¢ = 1 on
B(0,2)\B(0,1). Set 6 = e_(m)x"(p . Arguing as in the proof of part (A) yields
the following variant of (1.7),

/(|V9l2 - 9[A9])|f|2 " (/ |02f|2) ) </l/2S|x|S4 |Af|2> I/Z:I

1 2
+§/|0Vf| .

Now use 8] < Ce W2 |vo| < C(1 + [Ahe”M?™ and |A0] <
C(1 + AH)e~W2xn

[1evsi<c

2. PROOF OF THEOREM (1.3)

We follow the argument of [KRS] beginning with a weighted L? version of
their Carleman inequality.

Lemma (2.1). Let Q(D)=A+a,0/0x,+7y where n >3, a, €R and y€C.
Suppose v > 0 isin F, with p>(n—1)/2. Then for [ € C; (R") and 4 real,

e mvax<c [ jomffe o dx

with C independent of f,A,a,, and y.

We begin with a weighted restriction theorem which will substitute for
Lemma 2.1(a) of [KRS]. Let Jﬂ denote the Bessel function of order S .

Lemma (2.2). Let n > 2 and 2n/(n+1) < 6 < (n+1)/2. Set p,

(n—1)/2(6 - 1) and let p > p, if 6 > 2n/(n+1) and p = p, if 6
2n/(n+1). Suppose v >0 and that for all cubes Q c R",

/n L » 1/p
|O| <|QI/QU dx) <C.

\f+ doPodx < c/ Po dx,
R

Then

R7

where
2

7 i(x &) —(n-2

do(x) = /S ¢ da(@) =, J,_y (XDl T
Proof. Before proving the lemma we note that the restriction 6 < (n+ 1)/2
is to ensure that p, > 1. We consider first the case 6 > 2n/(n + 1). Let
v*(x) = M@")"(x), where p > g > p, and where M is the Hardy-Littlewood
maximal function. Define

z/2

z J
T_f(x) =[K_ * (fo* 0w (x)7?, where K_(x) = ___”/Z'Z(IXD

len/2—:
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We will apply Stein’s theorem on complex interpolation of operators [St,]. First,
for Rez =0, we have by [T],

(2.3) /R"]Tzflzdxscz/m]flzdx.

(n+1)/2+pg

Let Rez = p, and a = (n—1)/2+ p,. Since |K (x)| < C,|x|" , We

have o < n and
(2.4) IT.f(x)] < C.L (/") " (x).

We have used the estimate |J,(|x])| < Cﬂlx|_l/2 for Rep > —1/2, which
applies here as p, < (n+ 1)/2 for 6 > 2n/(n+1). Thus, for Rez = p,,
a=(n-1)/2+p,, from (2.4) we get,

[arraxs<c, [ e dx.
R" R
By [CR], v € 4,, and v" ™" € 4, and so by [CW],

(2.5) / L (If ™)™ < C / PPNy = C / /TP dx

provided, for r > 1,

(2.6) Ik (lla/gv*rp(’)l/rg ﬁ/Qv*—pO'

Because v " € 4, , (2.6) is equivalent to

o (L [) <c.

Taking square roots and setting rp, = p and noting a/p, = &, we get that
(2.5) follows, provided

(2.7) 0" (@ / v*")”psc, Py<q<p.

To see (2.7), we use the argument of [F, proof of Lemma C]. Set v, = v X2 >
v, = v — v, . Clearly, the left side of (2.7) is bounded by

'Q'W(@/ ”*p>l +'Q'W(la/ ”*p>l/p‘

By the definition of v,, for x € Q,

vy (x) < <|—;‘|/l;lvzlq>l/q

for some cube B D Q. Thus because p > ¢,

l/p 1/q l/q
o (g fyr) < (g f5) < (g o) <<
B B



UNIQUE CONTINUATION FOR A + v 281
By the maximal theorem,

0" (@ / v*p)l/p <o) @ /R ” vf”)l/p
1 VP

(
<o/ <—| /m 1)1/1)

Q
(G )<

Thus (2.7) is proved. Therefore (2.3) holds for Re z = p,, at least in the case
0 >2n/(n+1). Inthe case d =2n/(n+1), p =p,, set

T.f(x) = [K, * (fo*/}) ()™ (x).

Inequality (2.3) persists for Rez = 0. Since |K, (x)] < C, for Rez = p, =
(n+1)/2,

z/2

ITZf(x)lz < U Lk a’x] [/v(n+l)/2 a’x] W)™

by Holder’s inequality and so (2.3) holds for Rez = p, = (n+1)/2 if
/v("H)/z dx < oo

as required. By interpolation, (2.3) holds for Rez = 1. Thus

/If*d0|v</]f*da|v _/ T, (fv"" 122 4
<C/ i 1deC/Rn|f|v dx,

and the lemma is proved.
We now obtain the corollaries that follow.

Corollary (2.8). Let v satisfy the hypothesis of Lemma (2.2). Then,

[ itds<c [ it ax.
Sn—l R”
Proof. We use P. Tomas’s duality argument.
[ itdo= [ fFxdo) <Al f +doll.

By Lemma (2.2),
1/ +dall; < ISl -
and the corollary now follows.
Corollary (2.9) [T]. Let n >2 and 1 <p <2(n+1)/(n+3). Then

Y sq (L) .
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Proof. Set v(x) = |f]*"” and assume /1, = 1. Note that

[ourax= [ i d

If v e L"°, then the hypothesis of Corollary (2.8) will be fulfilled and we

would have
/ /] da<C/ MK “—c/ I =cC
Sn 1 Rn

For v € L"°(R"), we need |f|*™""° = |f|”, or (2—p)n/d = p. This forces
p=2n/(n+d). Butfor 6 >2n/(n+1), p<2(n+1)/(n+3) and we are done.

The result of Corollary (2.9) was obtained earlier by E. Stein and P. Tomas
[T]. We remark that the sharp result with p = 2(n + 1)/(n + 3) in Corollary
(2.9) is equivalent to the case § = 2n/(n + 1) of Lemma (2.2) since Holder’s
inequality shows that

[/ |f|pdx] " < U Iflzv—ldx] 2 [/,U(n+l)/2dx:| 1/(n+1)

if p=2(n+1)/(n+ 3). However, we shall be interested in the special case
d =2 of Lemma (2.2), which neither implies nor is implied by Corollary (2.9).
Our next result serves as a substitute for Lemma 2.1(b) of [KRS].

Lemma (2.10). Let v € F,,p>(n- 1)/2. Suppose Imz # 0 and Rez <0
and let R
/(&)

T/(&) = :
f(&) T

Then,
/ TP dx < C/ 1P dx
Rn Rn

with C independent of z.

Proof We mimic the proof of Lemma (2.2) in the special case 6 = 2. Let
v"(x) be as in Lemma (2.2) with py = (n—1)/2. Clearly it is enough to show

/ T 1P dxgc/ P d

Define A

__ S
(€17 + 20

and let G, f(x) = [T, (/o) ™"(x).
Note that if Reu = 0 and Imz # 0 we have ||G#f[|2 < |Ifll,. If Rep =

(n—1)/2, the kernel R (x) of T, satisfies

T;f(é) Imz#0,Rez <0,

(2.11) IR, () < Clx|™"
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This is seen by examining the formula for R £(X) in [KRS and GS]. In fact,

R (1/2)(n/2—p)
e" 2 z
(2.12) R, (x)= [W] Koy (\/z|x|2)

(27)"*T(w)T(n/2 - )
where K 5 is the Bessel kernel of the third kind. It is known that

(2.13) K (w|<{ chol P, 1l <1, Rew >0,
. ) <

clw/™"*,  ifjw|>1, Rew > 0.

If 6=n/2—u, Repy=(n—1)/2 and w = \/z|x|*, we see Red = 1/2 and
Rew > 0 as Rez < 0. Therefore we may estimate (2.12) by (2.13) to get
(2.11). Thus if Rey = (n—1)/2,

|G f(0)] < I,_ (1 flp™ " =
and so

LGP ax < [ 1,50

But by the arguments of Lemma (2.2), the integral on the right side above is
at most [, |f1*dx because v* = (Mv?)" € F, for 1 < g < p (see the
argument following (2.7) or the proof of Lemma C, p. 153, in [F]). The lemma
now follows using complex interpolation, and then taking u = 1.

The next lemma is needed to adapt the Littlewood-Paley arguments of [KRS]
to the weighted setting. Note the restrictionto p > (n —1)/2.

Lemma (2.14). Let v € F,, p>(n- 1)/2. For s > 1, define the one-
dimensional maximal function v_(x) by

1 Xn+U 1/s
v, (x)=sup | =— V(X , X, .n 1) dt .
*( ) #p<2‘u‘/x (1 2 n 1 ) )

Xn—H
Then, for p > max(s,(n—1)/2)

S“p'Q'Z/"<|Q|/ p>l/p Cs“p'Q'z/n<|é|/ ”p>l/p'

Thatis, v, € F,.

Proof. Fix a cube Q with center at z and edge length J . Define the rectangle
R,, k > 1, such that (y,,y,,...,¥,_,,) € R 1if lyj —zj| <25, j=
1,2,....,n—1,but 2°6 < ly, =z, < 25415 . Let R,=4Q. Let ) = Ufg, -
Then, v(x) < Z;‘;Ov(k)(x) +¢(x), where ¢(x) is supported on R"\|J~, R
Thus,

(2.15)

lle/n('Ql/ p)‘/l’ Ai 2/n(<IQ|/ (A)p>l/p+<|~l~|/Q¢f>l/p).
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But for x € @, ¢ (x) = 0. By the maximal theorem when k£ =0,

Ile/n (I_él/gvio)p>l/p < Clop” (ﬁAQ vp)l/p e

If k #0, note that for (x,...,x,)€Q,

(k) _\P C / 14

v, (x) < — v(x,,...,x ., t) dt.
. ) 2K8 Joks<)zy—1<2h+1s >y n12f)
Thus for k #0

1 / (k)p C p
— | v, dx < — v dx.
Ol Jo * = 2ks" IR,

Now there exists a cube Q, such that Q, D R, and |Q, |~ (2"5)" . Thus

c p =k 1 P
_— v d.X S C2 —_ v d.X.
"1 (2%6) /R" 1Ol J o,

Moreover |Q|2/” = 2_2k|Qk|2/" . Using this and the fact that for all k

(_I_/Uik)p)l/pscz(n—l)k/p (L vpdx)l/p’
]QI Q |QkI Ok

the right side of (2.15) is at most C Y77, 2 2+Hn=D/Pk This converges pro-
vided p > (n—1)/2.

Proof of Lemma (2.1). We follow the argument of [KRS]. Conjugating the op-
erator Q(D) by e™ ™" we see that, if y = a + iu, we have

(" QD) (@) =~ ~ 4 ~a,2~ &, (20~ a,) =)

2! -1
- (mz—f —a,)—a-2ik (én - anz + %))

= (&' =2 - a,d— a2k, +6)),

where 0 = —a A~ '/2+ uA~' /2. Thus it will be enough to show,

2 ~1

(2.16) |Sf|2vdx§c/ o dx,
R R”
where
S7E) = FOUE” = 4* = a,h—a— 20, + )] = f(E)m(E).

Let x,.(¢,) = x(2_k(én +d)) be a smooth Littlewood-Paley-Stein decomposition
of R. Let fi:,f(é) = xk(én)m(é)f(é). Define v, as in Lemma (2.14) for some
s with 1 <s < p. Then v (x) € 4,(R,dx,). Thus by applying [Ku] to the x,
variable,

(2.17) {Sf]zv dx g/ lelz’U* dx < Z/ |ka|2fu* dx.
R" /R

R”
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Let £,(&) = x, (&) /(&) . We claim
(2.18) /R |ka|2v*dx§C/Rn P dx

with a constant ¢ independent of & and 4. Now v:' € A,(R,dx,). Assuming
(2.18), the weighted Littlewood-Paley-Stein theorem of [Ku] shows that

Z/ leflzv*a’ngE/ Pl dx
Kk R Kk IR

gc/ |f|2v;‘dxgc/ o dx.
Rn Rn

Combining this with (2.17) yields (2.16).
We now prove (2.18). We have R, = 4, + B, with

- _ Xk('):n) ra

A[\f(é)_ |¢’|2—,{2-—a"/1—a—i2k+12f(é)’
_ 1
A [mz — A —a,d—a = 2iAE, +0)
1 .
P -aj—a- i2k+'l} 6.

Observe that

A7) = E;:;Xk(ﬁn)f(f)

with Rez <0, Imz #0.
By Lemma (2.14), v, € F,, p > (n - 1)/2. If T is as in Lemma (2.10), we

have
2 2 2 -
/[Akf|v*=c/ |Tfk|v*§c/ A
R” R” R~

As in [KRS], we write B, f(x) in polar coordinates with |{| =r,

B = [ [ e ra,) o)

D)

y 1
[r A —ah—a-2il(ra, +9)

1 n—1
B " dadr.
rz_lz—anl—a—ﬂk“l:'
Thus,
lka(x)l < 2/ / m, r(ro‘)fk(,«a)eiwam) do rn—l dr
0 Sn—1 °
with
M+ -2
mk /(5) 5 5 )!//I\( n)

(P = —ah—a- 20k, +0) (P -2 —ah—a— i)
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where y, =1 on suppy, and y, supported near |, + J|~ 2k, Thus,
ot —~ ~1
1B, f(x)] < C/O 0,T,,, i)+ do(rx)ir" " dr,

where d,h(x) = (1 /r"Yh(x/r) and T,, = denotes the multiplier with symbol
m, .. By Minkowski’s inequality, '

(fmstonax) s [ ([ 1.7, £+ dotrxi. ) Ftar,

Changing variables by setting rx = y, the last integral is

” 12
do 2 Y nf2—1
C/O (/R" 1,(T,  Ji) xda ()| v, (7) dy) , dr.

Let w(y)= (l/rz)'u*(y/r) . Then by Lemma (2.14) and a rescaling,

<ﬁ /Q w,,> o< c.

Thus by Lemma (2.2) the integral above is dominated by

C/OOO (/Rn r L (%)rv:l (%) dx)l/z L

and by changing variables again this integral is at most

(2.19) /Ooo (/R |ka'rfk(x)|2v:1(x)dx)l/2rdr‘

Now, one easily checks that,

a2t
(P = A —a, A —a)? +2%)?

|mk r(é,,)| <
and
Ci
(rF=A'—a A —a)? + 2%
Thus m; (&,) satisfies the conditions of the Marcinkiewicz multiplier theorem.
Since v:‘ € 4,(R,dx,), by [Ku], (2.19) above is at most

1/2 poo 225
C (/ 20*—1 dx) / dr
R" i o (rF=2—ai-a)?+2%A?

12 oo
o[ unrtax) [T A Pu=r R g,
R~ —o 7+ 1

—2C (/R |fk|2v;'dx>”2.

This proves (2.18) and, as mentioned earlier, completes the proof of Lemma
(2.1).

Imy ()] <
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Proof of Theorem (1.3). Since |Q(D)u| < vlu| < (v +£/|x|2)}u| ,and v +.s/|x|2
also satisfies the hypothesis of Theorem (1.2), we may assume v(x) > 1;‘|x]‘2 .
Select 5 € Cg°(B(O,2)) with 7 = 1 on B(0,1), set ng(x) = n(x/R) and
let S, ={(x,,...,x,),x, <t}. By hypothesis, ||xS[v{|Fp < ¢(p,n) and thus
the constant C in the conclusion of Lemma (2.1) may be taken to be at most
¢, < 1 if v is replaced by Xsv - Thus with 4 >0 in Lemma (2.1),

(2.20)
[ inge rvax <c, [ 10D e dx

=0 {/ IngQDyuf’e™ ™ dx +C e dx}
R7

R<|x|<2R
since v™' < C|x|2 s Vgl < CR™' and |Ang| < CR™2. For the first term on
the right side of (2.20), the differential inequality yields

(2.21)

/ lnRQ(D)u|2e_“"v—ldx§/ lnRu|2e_lx"v dx+/ |17Ru|2e_“"v dx.
R~ R™\S, S

Since xzv € F,, p>1, we have by [F]

2 —Axp 2|1A|R 2 2|AIR 2
/SlnRule ny < oV /SmRuivscfe" /Rlvaun,

and thus the second integral on the right side of (2.21) is finite. So from (2.20)
we conclude

/ Ingul’e v dx < C/ Ingul’e ™" v dx
S R™\S;

+C (lul* + |Vul e ™ dx.
R<|x|<2R

Multiplying by ¢*' and using [F] again, we have
/ lul’e™" " v dx < C/ lnRu[zv + Ceit/ (lul* + [Vu)e ™ dx
SiNBg R R<|x|<2R

< c/ |V(f1Ru)|2+Cel’/ (uf + |V )e ™™ dx.
R~ R

<|x|<2R
Letting R — oo and using Lemma (1.6)(B) together with the hypothesis on u,
we get
2
|u]

" udx < C lim / ([VnR|21u|2 + ﬂiqulz)dx
S, R—co Jgn

<C [ |Vuldx <.
Rn
Letting 4 — oo, we see that ¥ =0 in S, .
We wish to point out another form of Lemma (2.1), helpful in other appli-
cations, which can be deduced from it by applying an affine transformation to
Q(D) as in [KRS].
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Lemma (2.22). Let z€ C", ye€C. Let Q(D)=A+z-V+y. Let v>0,
veF,, p>(n-1)/2 and € C; (R"). Then

/ Pudx<C / QD) f1Pv " dx,
n RII

where C does not depend on f,y or z.

3. PROOF OF THEOREM (1.2)

Theorem (1.2) will be proved as usual using a Carleman inequality, but with
a weighted Lz(v_l) to Lz(v) estimate in place of the unweighted (except for
powers) Lf — L7 estimates of [JK].

Lemma (3.1). Suppose v € F, for some p > (n— 1)/2. For every ¢ with
0<e<2p—(n-1), there are C,B > 0 depending only on p,e and n such
that

u(x))? Au(x))? dx
(3.2) /Rn IXIIZEM%U(X)dx < Cllv”ﬁp /Rn I)ICIZ,(%W
forall ue C°(R"\{0}) and all m € Z, where t, =m—1+(1-¢)/2 if m>0
and t, =m—1+(1+¢)/2 if m< —1, and the £ sign is chosen according to
the signof m: — if m>0 and + if m<—1.

The case ¢,, — oo in Lemma (3.1) will be used to prove part (A) of Theorem
(1.3) while the case 7, — —oo is used for part (B). We remark that the corre-
sponding Carleman inequalities in [JK] have analogues for ¢ < 0, but these do
not seem to have appeared in the literature.

To prove the Carleman estimate (3.2), we use E. Stein’s complex interpolation
[ST,] on an analytic family of operators, essentially (—A)z/ ® minus a Taylor
polynomial at the origin, as in [JK] but with two differences: we conjugate
(—A):/ ? with a complex power of the weight v(x) and in the case ¢t < 0, we
modify the kernel of (—A)*/? so as to be C* at infinity and then subtract a
Taylor polynomial at infinity. We now describe the analytic family in detail. Let
¢_(x)=C_|x|""" sothat ¢_(&) = (2n|¢)™ . Let m€Z and m—1<t<m.
In the case m > 0, define

s=0]

. B ’U(.X)ZM m—1 1 P li

S.g(x) = 1-((”—_2)/2—) - [45:()( -y) - ; il <5§> ¢._(sx —y)
Iy_l t+(n—z)/2 -/a

‘ (M) o) g dy

(where for m = 0, the sum is empty) and in the case m < —1, define

N 10 AT S
L) = = 2375

|m|—2 1 P /
X | w=(x,y) — Z 7 ($> w-(s"lx.y)

=0

SN\ (H(n+D)/2
} (:]—D v(») e (r)dy
X
5=0
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where v (x,y) = lxlz_quz(x — ). Note that both 5 +— ¢ (sx —y) and s —
w.(s7'x,y) = |s|"_2]x|2—z¢z(x —sy) are C* near s =0 if x,y # 0—if n is
odd, we restrict s to be nonnegative in y, (s'lx ,¥) and interpret the symbol
S(s)l,_, appearing above to mean lim_,, f(s). Now the family of operators
{S }o<Re <, isanalyticin z and S, satisfies the identity

u(xyv(x)"* ( Au(y) )
n ad ka8 A (x), teR\Z,
Ix,l:f:l+ /2 2 U(y)l/2|y|1:1:1+n/2

whenever u € C°(R"\{0}), and where + is chosen according to the sign of

m . Thus Lemma (3.1) is equivalent to the boundedness of S; on L2(R") , and
this in turn follows by complex interpolation [ST,] once we have shown the

boundedness of S' on L2(R”) (which for ¢ > 0 is Lemma 2.3 of [JK]) and,
under the hypothe51s v E F , p > (n—1)/2, the boundedness of S on

—1+e+iy
L’ (R"),for 0<¢g/2<p— (n — 1)/2, with norms in both cases dominated by
ce

First we prove that

(3.3) /R |sj7f(x)|2 dx < CeV /R SO0l dx

forall f e Lz(R") , where C depends only on ¢ = distance(t,Z) and n. To
this end we introduce the family of operators {TZ[}0 <Re =<1 given by
1

; 1 | !
Tz“"”W/m[ 0= 2 (55) ex - }

X (M> | "g(»)dy

|x|

for m—1<t<m, meZ, m>0 and by

. 1 |m|—2 9 . 1
T.g(x)= F((Tz)/_2)/kn {W;(X,Y)— g il <8_> y.(s x,») :OJ

for m—1l<t<m, meZ, m<0. Note that for m = 0, the two definitions
are identical and that for m > 0, T' coincides with the family of operators

T. in [JK]. Clearly (3.3) is equivalent to

(34) [rewris < e [ jaor

forall g € Lz(lxl“” dx), where C depends only on § and n. Since the case
m >0 of (3.4) is Lemma 2.3 of [JK], we suppose m < 0. As in [JK] we prove
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(3.4) by calculating the action of T: on spherical harmonics for 0 < Rez < 1,
computing the Mellin transform and then letting Rez — 0. The details are
similar to those in [JK], so we will refer liberally to that paper for the sake of
brevity.

Let g(rw) = h(r)P (w), where r >0, we S he C*(R,\{0}) and P,
is a spherical harmonic homogeneous of degree k. Then according to Lemma
320f [JK],if -1 <¢t<0 and Rez >0,

(3.5) T'g(rw) = /Ooo (RS (g)z_'_2 h(s)?Pk(w),
where
ez = { dw, 2" “Fw-z/2,1-z/2;vu’), O<u<l,
dw, 2w " " Fw-z/2,1-z/2;v5u7%), 1<u<oo,

and
27T (v - z/2)
T (z/2)T(nj2 - z)2)°
v ==k+n/2 and F(a,b;c;x) denotes the hypergeometric function. (Note
that L'(k,z,u) = u” °L(k,z,u), where L is as on page 468 of [JK].) Now
set g,(y) =¥ "g(y) and f£,(x) = |x|""7(~4)" g, (x) so that
s=0:|

dv,z)=

[m|—2

: 1 . 1 (0
ng(X)=m|xl z{f.(x) Z l'( )fl(s X)

Using (3.5), it follows that

(3.6) T g(rw) = /Ooo L, (k,z,g) (g)z_’_zh(s)ﬁpk(w),

where

|m|—2 1

l
L:n(k,z,u)=L’(k,z,u) Z [’<6) L'k,z,s~ u)

s=0

Now let R;((u) = L:n(k , Z, u)u_:_’_z. From the estimates for the hyperge-
ometric function given in Remark 3.1 of [JK], it follows that R;( € Ll(d uju)
for 0 < Rez < t— (m —1). Indeed, the only singularities of R;( occur at
u = 0,1, and oo. The singularity at u = 1 is integrable for Rez > 0 as
in [JK] while |R, ()] < Cu™"""2R*"2 for 0 < u < 1 and |R) ()| <
Cu~ M= Re==1=2 41 2 < u < 00. Thus R, is integrable at 0 and oo pro-
vided —(jm|-2)+Rez—-t—-2>0 and —(m|-1)+Rez—-1r-2 < 0 for
m < 0, i.e., provided m — 1+ Rez <t < m+ Rez, and in particular if
O<Rez<t—-(m-1).
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We now show that the formula for the Mellin transform of R, given in [JK],
m > 0, remains valid for R; , m £ 0. According to (3.5) of [JK] (recall that
L' =u"7L),

o0 o0
> [ L'k, z up 4 = zz/ Lk, z,up 0294
0 u 0 u

_ I'(k—-A-2z+4+2)/2)T((n+k—-2+1)/2)
T T(k—-A+2)/2T((n+k+A+2z-2)/2)T((n - 2)/2)
for Rez > 0 and —Re(k +n —2) < Red < k —Rez + 2. Now, in analogy

with Lemma 3.4 of [JK], let F(4) denote 27 ° times the quotient of gamma
functions above so that

F(A):/ L'(k,z,u)u_i% for0<Rei<2—-Rez.
0

Suppose L'(k,z,u) = Zf:o c,u_l for u large. Then, arguing as in [GS], for
m<-1,0<Rez<l,and 0<Reld<2-Rez,

j-2du Imiz2 ¢

~l- i
.__+ PR
u g I+ 4

oolml 2

F(A) =F() - /

N!

1 m
=/ L'(k,z,u)u—lg’uﬁwh/ (k z,uU)u Z
0 1 yars

However, the right-hand side above is meromorphicin m+1 <ReA<2—-Rez
and so must coincide with F (1) in that region. On the other hand, if Red <
m + 2, then

ﬂ
—i- /1du
[ z

= / L:n(k ,Z, u)u—ld—u-
0 u

and combining these identities yields

F(l)'—‘/ L:,,(k,Z,u)u_'ld—;, form+1<Rel<m+2.
0
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Thus the Mellin transform of R;( is given by
oo (e o) .

R A T
0 0

(3.7) o
T((k=t—in)/2)T(n+k+t—z+1in)/2)2

- I'(k—t+z—in)/2)T((n+k+t+in)/2)T({(n-2)/2)
for O<Rez<1land m—1+Rez<t<m+Rez, m<O0.

We now complete the proof of (3.4) as in [JK] by expanding g in spherical
harmonics as follows:

g(rw) = Z gk’l(r)Pk’,(w),
k>0
1<1<ak

where g, | € C*(R,\{0}) and {P, ,} £, is an orthonormal basis for the vector
space of spherical harmomcs of degree k. If we set

L = [T R (5 h S

T,g(x)=lmT, , g(x)= ELmZ eriy &k (8 NP (@)

then

and it follows from (3.6), (3.7) and Plancherel’s theorem that

,dr
/ lTl/g e—»OZ/ |T8+l, gk/ )] 7

/°° | 2= (k= 1= in)/OT((n+ k +1—&— iy +in)/2)
I((

= lim
e—0

)2
n—e—i)/QT((k —t+e+iy—in)/T((n+k+t+in)/2) Ig mitdn.

kJt T

Using Stirling’s formula as in [JK], the above is dominated by

cly &0 . by 0 dr
eSS [ i P dn=ce™ T [C1g P
kg —® k.l

cl7] 2dx
Ce / X .
sl

This completes the proof of (3.4) and (3.3).
To complete the proof of Lemma (3.1) it remains only to prove, under the
hypothesis v € Fp , p>(n—1)/2, the boundedness of the operator S Cltesiy

on L*(R"), 0 <¢&/2<p—(n-1)/2, with norm dominated by Cecl’| . The
key here is the following inequality of E. Stein [St,] (cf. [Sa]):

) m—1 ! .
[ re:al—u : Z % <63_S> I _Srelel-za
=0

i0~2Re i
e’

(3.8)

<C rm—l+2ReA|l

— i

>
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for r >0, 6 R, me Z,_ and 0 <Rel< % and where the constant C, is
independent of m,r,6 and satisfies C, < Cuec“'”I , A=u+iv. Fix x,yeR"
momentarily and identify the points 0,y/|y|,x/|y| in R" with the numbers
0,1, re’ in the complex plane. Since

Y X zZ—n
¢.(sx—-y)=c, — - ,

A = el gy

(3.8) becomes with 2A=n — z,
m—1 I
1 /0
6.00-3) =% 7 (5) oox-»)

(3.9 =0 5=0

le m—1+n—Rez n—z 1

Scz(m) ¢Rez(x—y), O<RC—"2—<§.

Now identify 0,x/|x|,y/|x| with 0,1,re" . Since

-1 n—=2, 2-n| X y =

w.(s x,y)=cs “lx — — 5 ,
(3.8) becomes with 24 =n — z,
|m|—=2 I
1 /0 -
w,(x,y)— Z 1—,<%> w,(s X, )
(3.10) =0 © =0
<c m |m|—Re z ) O<Ren_z <_1.
—_— z |x| Wz 9y b 2 2 .

(Note that in obtaining (3.10), we use (3.8) with m replaced by |m|-2—(n-2).)
With ¢, =m -1+ (1-¢)/2 incase m >0 and {, = m—1+(1+¢)/2 in
case m < —1, we obtain from (3.9) and (3.10) that

tm —l+e)/4 . )
IS0 ey 8] < Cu(x)" /R by n(x =)o)

lg)ldy

for m € Z with C? independent of m . Thus the boundedness of S,'l"'_

l+e+iy
on L* with norm dominated by Ce”! will follow from the inequality
(3.11) A(In—l+£f)2v(n_l+e)/2 <C [ fZU—(n—l-%—e)/Z’ r>o0.
However, if v € F,, p>(n—-1+¢)/2, then (3.11) holds with C=C, . by

[CW], since we can replace v by v* = M))(x)"?, p>qg>(n—1+¢)/2,
as in the proof of Lemma (2.2) in §2. Alternatively, (3.11) is equivalent to the
trace inequality

(3.12) | Qo0 < [ 71 g0,

(To see this, simply compose (3.12) with its dual inequality,

2 2 —(n—1+¢)/2
/(I(n—l+s)/2f) <C R”f'U >
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and use I (I f) =1, f.) See [F] and [KS] for the relevant results on (3.12).
This completes the proof of the Carleman inequality, Lemma (3.1).

Proof of Theorem (1.2). (A) As in [JK], it suffices to show that if u vanishes to
infinite order at a and satisfies the differential inequality |Au| < v|u|, then
u vanishes identically in B(a,R) whenever ||XB(a’R)v|le < ¢&(p,n). Here
B(a,R)={x:|x—a| <R} if aeR" and B(co,R) = {x: |x| > R} if a =00

Furthermore, we may assume v > 1 since v + 1 also satisfies the hypotheses
of Theorem (1.3). We begin with the case a € R" and suppose without loss
of generality that ¢ = 0. Momentarily fix R > 0 and let 5 € Cf°(B(O,2R))
satisfy # = 1 on B(0,R). In addition, let ¥ € C*(R") satisfy ¥ = 0 on
B(0,1), w = 1 outside B(0,2), 0 <y <1, and set y,(x) = y(kx) for
k > 1. Then for kK > 4/R and m >0, Lemma (3.1) gives

(3.13)
2
[l
|x|<R

‘x|21,n+"—2

Ay, nu)(x)]° dx
SCP‘,,”XB(O,R) “F,, . |x|2""+”_2 v (x)

2 2
; Ay, () u(x)” dx
S van”XB(O,R)/U”Fp [/R" |XIZI,,,+n—2 /U(x)

IV, () IVux)’ dx
+/n |xl21m+n—2 ( )
)(x

|y ()| A () ()
</|VI<R /|x|>R> |x|2m =2 (x)

If ”XB(O.R)UHF,, < &(p,n), where e(p,n) is chosen so that Cp’na(p,n)ﬂ = %,

then III, is at most one-half the left side of (3.13) and subtracting III, from
both sides of (3.13) we obtain

=1, +1I, +1II, +1V,.

2 2
/ WO ) e < 21, 411, +1V,).
|x|<R

|x|21,,,+n—2
However, letting k — oo we get

Ju(x)? |A(qu)(x)|* dx .
(3.14) /lxt<R lx|2,m+n_211()c)a’x <2 ok P 0 m>0,

since lim,_ I, =lim,_ II, =0 (whose proof we give in a moment). Now
multiply both sides of (3.14) by R*""~? and then let m — oo to conclude
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that |u|211 , and hence u is identically zero on B(0,R). It remains only to
show lim, | I =lim_ _II, =0. But

A 2 2 .
I, =/ | Wk()zc[)|+|nu_(2x)| dx < cK¥m +2/ |u(x)|2 dx.
vk<ixi<ak o |x]* v(x) Ix|<2/k

which tends to zero as kK — oo since u vanishes to infinite order at 0. Similarly

I, < Ck**" / V()P dx
[x1<2/k

1/2
< CKm [(/ Iu(X)!zdx> (/ IAu(X)Izdx)
|x|<4/k [x|<4/k

+k° lu(x)|)? dx]

lx|<4/k

1/2

by Lemma (1.6)(A) and this last term tends to zero as k — oo since u vanishes
to infinite order at 0 and Au € L’

loc *

Proof of Theorem (1.2). (B) In the case u vanishes to infinite order at infinity,
we argue as in the proof of part (A) above, but with n € C* such that =1
on B(co,R) = {x:|x| > R} and n = 0 on B(0,R/2);w¥ € C* such that
w =0 on B(co,1) and v =1 on B(0,4);,(x) = w(x/k). Furthermore,
we may assume that v > 8|X|_2 since v + alx{_z also satisfies the hypothesis
of Theorem (1.2)(B). The result is that (3.14) becomes

2
/ ™ < / A() () dx
[

m<-—1.
X|>R |x |t Ix|<R |x|

22 y(x)’ =

Note that the hypothesis [, IAuI2 < oo is needed to show that the term corre-
sponding to II, in (3.13) tends to zero as k tends to infinity. Now multiply

both sides by R*"™"*2 and then let m — —oo to conclude that u = 0 in
{x:|x| > R}. This completes the proof of Theorem (1.2).

4. UNIQUE CONTINUATION IN LOW DIMENSIONS

We begin by proving Theorem (1.4). Recall that by the definition of |||v]|],
we have

/|11f(x)12v<x)dxsn|v|||/ () dx, for f>0,
R7 R"

where I, denotes the fractional integral of order one. If we compose this
inequality with its dual, f|11f|2 < vl f |f1*v™", we obtain the equivalent
inequality (for the reverse implication, apply Holder’s inequality to [ |1, f |2 =

[ 11,1)
@) [ nfereeds <l [ 1ol

2 dx

W’ fOI'fZO
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We now prove Theorem (1.4) by using the following pointwise inequality [Sa],
which essentially corresponds to the cases 4 =0 and % of (3.8):

m—1

¢, (x =) Z}<a>¢2(sx »)

I=

(4.2)

<C (%)mcbz(x—y),

forall me Z_, x,ye R"”, n =2 or 3, and where C is independent of m,x
and y. If n =2, we must restrict |x|,|y| < }.

Now suppose u vanishes to infinite order at O and satisfies |Au| < v|u|. With
n and y, asin §3, we have for meZ_,

[ (X)u ()2
/lxl<R klxlzm vlx)dx

— / Ix|—2m
|x|<R

= / x| =2m
|x|<R

2
/ $2(x = V)A(wenu)(y) dy

v(x)dx

2
m—1 i
x /{%(X N-% 1 (5) eatsx - ]A(mu)(y)dy v(x)dx
=0 s=0
2 o Anu) ()] )
<C AXI<R </¢2(X ——————l i dy) v(x)dx by (4.2)
2 2 [ A0 dx
< Clllxso.rylll - X o) by (4.1).

Provided R is small enough that C 2||| XB0. R)v|l|2 < 4, we can now argue as in
the proof of Theorem (1.3) and conclude that ¥ =0 on B(0,R). A standard
connectedness argument then completes the proof of Theorem (1.4).

We now restrict attention to dimension # = 2 and give the proof of The-
orem (1.5). In order to handle the gradient term in the differential inequality
|Au| < w|Vu|, we use a pointwise inequality corresponding to (4.2) but with
¢, replaced by R qul , where R ; denotes the jth Riesz transform, j=1,2:

('l I') byx— ),

forall m€Z,_ and x,y in R’. The proof of (4.3) is easy due to the especially
simple form of qubl ;

(4.3)

m—1
Rp\(x—y)- Z 71; <§s> R;¢,(sx - y)
=0

J

S <
q

¢1(é) = Iélz

(R, (&) =

implies R ¢, (x) = cxj/|x]2 (n=2)=c{x ,ej.)/lxl2 , a rational function of x.
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To prove (4.3), we introduce the function

eMRe(e_M(l—z)) (1-2)+e*(1-72)

z) =
vi(2) 11—z 2|1 — z|?
1 ei2ﬂ.
- toay ‘€C
Then
m—1 / m—1 _/ 22 _1
1 /0 Z +e
v2- X g (55) w2 | = |we)- :
(4.4) = " 4=0 =0
—m m
z i2A z m 1
= | — [E— N —
b A s RS

forall meZ_. Now momentarily fix x,y in R’ and, by rotating the plane,
identify y/|y| and x/|y| with 1 and z in the complex plane. Suppose that
under this rotation, the unit vector e ; in R? is identified with ¢ in C. Then

Rigy(x=9) = b1 Ry (3= 50) == )

and (4.4) yields

m—1 !
1 —1, m -
R, (x =) - 7(—) Rig (sx=»)| < 7'|z"1 -z

=0

5s=0
IXI) —I'y x| (le)m -1
= —_ - - = LA X — s
<|y| LU R ) Y
which is (4.3).

Now suppose u vanishes to infinite order at 0 and satisfies the differential
inequality |Au| < w|Vu|. Let n and w, be as in §3. We use the following
weighted inequality (which follows from [CW] as in the proof of Lemma 1.2 in
§2 above)

(4.5) Jmetwsc il [gu, forg>o.

for p > 1,n =2, together with the identity

2
VS =2 [ Rigr(x = p)AS()dy

(4.6) 2 :

-

j=1

1 [
/R” Rid(x —y) Z 7 (‘—) Rjpi(sx —y)

} Af(y)dy

5=0
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for f € CP(R*\{0}), to obtain
(4.7)

v 2
[ e e dx

2 L o= 55 ()

v<|<R /=0

2

X R;¢,(sx —y) w(x)dx,

} Ay, nu)(y)dy

5s=0
by (4.6),

1A, 1))
szw( 6~ )= dy) w(x)dx, by (4.3),

|12 |A V/kﬂu )(x)[?

2 [ / IAV/kI |u| dx /|wk| |Vul’

< Cp”XB(O,R) I, , m w(x)

/ / ARG
Ix|<k  Jix|>R |x]?™ w(x)
=1, + 11, + 11, + 1V, .

Now I, ,II, , and IV, can be handled just as in the proof (see (3.13)) of The-
orem (1.3). From the differential inequality |Au| < w|Vu|, we obtain

21 a2
2,172 v, " 1Au|” dx
I, =C |x w / — om
k p“ B(0.R) le/z Ix|<R |x|2'" w(x)

< Cplle(o,R) by (4.5),

<CClx |”2/ |y/k|2|w|2w(x)dx
=5 Xsom ™ Wry | P

2
N7l
|x|2m

2,2
+ / W_y/k_lz.ﬂw(x) dx
Ix|<k x|

2
< CC,lxp0.00”° 1} Vu ] w(x)dx
xX|<

=V, + VI,

since ¥, Vu = V(y,u)—(Vy,)u. Nowif R issosmall that CC |lxp & wz][lF//z2

< % , then V, is at most one-half the left side of (4.7) and so can be subtracted
from both sides as in the proof (see (3.13)) of Theorem (1.3). It remains only
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to show that lim, | VI, = 0. However, since Vy, issupportedin {x: 1/k <
x| <2/k},

VI, < CK*" / ()P (x) dx
[x|<2/k

2
1

S — u
B(0,2/k) J50,2/x)

2
1
+ w T u
(/B(O,Z/k) )(B(O,2/k) B(O,Z/k)l I)
= VII, + VIII, .

Now lim, __ VIII, = 0 since u vanishes to infinite order at 0 and

2
VI, < Ck /I o | [0 2 0190 0 w0 ax

dx
< Ck2m+2/ Vux) 22, by (4.5).
<k [Vu(x)] () )
This last expression tends to zero as k tends to infinity by the argument used

to handle term II, in the proof of Theorem (1.3) in §3. This completes the
proof of Theorem (1.5).

< CKRm? /
[x|<2/k

u(x) — w(x)dx

We remark that Theorem (1.5) can be sharpened in the Spirit of Theorem
(1.4) by replacing the quantity ||w2|| Fpo P> 1, in (4.5) with the norm of the

embedding 11/2: L’ - Lz(w) .
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